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a b s t r a c t
Let G = (V , E) be a graph. A proper vertex coloring of G is acyclic if G contains no bicolored
cycle. Namely, every cycle of G must be colored with at least three colors. G is acyclically
L-list colorable if for a given list assignment L = {L(v) : v ∈ V }, there exists a proper
acyclic coloring pi of G such that pi(v) ∈ L(v) for all v ∈ V . If G is acyclically L-list colorable
for any list assignment with |L(v)| ≥ k for all v ∈ V , then G is acyclically k-choosable.
In this paper, we prove that planar graphs with neither {4, 5}-cycles nor 8-cycles
having a triangular chord are acyclically 4-choosable. This implies that planar graphs either
without {4, 5, 7}-cycles or without {4, 5, 8}-cycles are acyclically 4-choosable.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a graph with vertex set V (G) and edge set E(G). A proper vertex coloring of G is an assignment pi of integers (or
labels) to the vertices of G such that pi(u) 6= pi(v) if the vertices u and v are adjacent in G. A k-coloring is a proper vertex
coloring using k colors. A proper vertex coloring of a graph is acyclic if there is no bicolored cycle in G. The acyclic chromatic
number, denoted by χa(G), of a graph G is the smallest integer k such that G has an acyclic k-coloring.
The acyclic coloring of graphswere introduced by Grünbaum in [10] and studied byMitchem [13], Albertson and Berman
[1] and Kostochka [11]. In 1979, Borodin [3] provedGrünbaum’s conjecture that every planar graph is acyclically 5-colorable.
This bound is best possible. In 1973, Grünbaum [10] gave an example of 4-regular planar graph which is not acyclically
4-colorable. Furthermore, bipartite planar graphs which are not acyclically 4-colorable were constructed in [12]. Borodin,
Kostochka and Woodall [7] proved that every planar graph of a girth of at least 7 is acyclically 3-colorable and every planar
graph of a girth of at least 5 is acyclically 4-colorable. We recall that the girth of a graph G is the length of its shortest cycle.
A graph G is acyclically L-list colorable if for a given list assignment L = {L(v) : v ∈ V }, there is an acyclic coloring pi of the
vertices such that pi(v) ∈ L(v). We say that pi is an L-coloring of G. If G is acyclically L-list colorable for any list assignment
L with |L(v)| ≥ k for all v ∈ V , then G is acyclically k-choosable. The acyclic list chromatic number of G, denoted by χ la(G), is
the smallest integer k such that G is acyclically k-choosable.
Borodin et al. [5] first investigated the acyclically list coloring of planar graphs to show that every planar graph is
acyclically 7-choosable. They also put forward to the following challenging conjecture:
Conjecture 1. Every planar graph is acyclically 5-choosable.
As far as we know, the Conjecture 1 is still open. As yet, it has been verified only for several restricted classes of planar
graphs, see [16,9,18]. Wang and Chen [17] proved that every planar graph without 4-cycles is acyclically 6-choosable. Some
sufficient conditions for a planar graph to be acyclically 3- and 4-choosable were established. In particular, Borodin et al. [4]
proved that planar graphs with a girth of at least 7 are acyclically 3-choosable.
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Montassier [14] showed that planar graphs with a girth of at least 5 are acyclically 4-choosable. In [15], Montassier,
Raspaud and Wang proved that every planar graph G without {4, 5, 6}-cycles, or without {4, 5, 7}-cycles, or without
{4, 5}-cycles and intersecting 3-cycles is acyclically 4-choosable. Moreover, they proposed the following weaker version
of Conjecture 1.
Conjecture 2 (‘‘Domaine de la Solitude 2000’’ Conjecture). Every planar graph without 4-cycles is acyclically 4-choosable.
However, this conjecture is still unsolved. It is proved in [8] that every planar graphwithout {4, 7, 8}-cycles is acyclically
4-choosable. Recently, Borodin, Ivanova andRaspaud [6] showed that every planar graphwith neither 4-cycles nor triangular
6-cycles is acyclically 4-choosable. Note that in all these results cycles of length 4 are forbidden. In this paper, we also study
the acyclic 4-choosability of planar graphs with some restrictions. More precisely, we will prove the following:
Theorem 1. Planar graphs with neither {4, 5}-cycles nor 8-cycles having a triangular chord are acyclically 4-choosable.
We immediately deduce the following corollary, whose first conclusion is the same as one result in [15].
Corollary 1. Let G be a planar graph.
(1) If G contains no {4, 5, 7}-cycles, then χ la(G) ≤ 4.
(2) If G contains no {4, 5, 8}-cycles, then χ la(G) ≤ 4.
Combining Corollary 1 and the results in [15,6,8], we obtain the following.
Corollary 2. Planar graphs without {4, i, j}-cycles with 5 ≤ i < j ≤ 8 are acyclically 4-choosable.
2. Notation
Only simple graphs are considered in this paper. A plane graph is a particular drawing of a planar graph in the Euclidean
plane. For a plane graph G, we denote its face set by F(G). A k-vertex, k+-vertex and k−-vertex is a vertex of degree k, at least
k and at most k, respectively. Similarly, we can define the k-face, k+-face, k−-face, etc. We say that two cycles (or faces) are
adjacent if they share at least one common edge. For a vertex v ∈ V (G) and an integer i ∈ {2, 3}, let ni(v) denote the number
of i-vertices adjacent to v. For x ∈ V (G) ∪ F(G), let t(x) denote the number of 3-faces adjacent or incident to x.
Let N(v) denote the set of neighbors of a vertex v. For f ∈ F(G), we use b(f ) to denote the boundary walk of f and
write f = [u1u2 · · · un] if u1, u2, . . . , un are the boundary vertices of f in a clockwise order. Sometimes, we write simply
V (f ) = V (b(f )). A 3-face f = [v1v2v3] is called an (a1, a2, a3)-face if the degree of the vertex vi is ai for i = 1, 2, 3. An edge
uv is a (b1, b2)-edge if d(u) = b1 and d(v) = b2. A 3-vertex u is light if it is incident to a 3-face. If a vertex v is adjacent to a
3-vertex u such that the edge vu is not incident to any 3-face, thenwe call u a pendant 3-vertex of v. A pendant light 3-vertex
is a light and pendant 3-vertex. Let p3(v) denote the number of pendant light 3-vertices of a vertex v.
Let α, β be any 2 colors. An alternating (α, β)-path in G is a path in G with each vertex colored α or β . For all figures in
this paper, a vertex is represented by a solid point when all of its incident edges are drawn; otherwise it is represented by a
hollow point.
3. Structural properties
In order to complete the proof, we assume that G is a counterexample to Theorem 1 with the least number of vertices.
Thus G is connected.We first investigate the structural properties of G, then use Euler’s formula and a discharging technique
to derive a contradiction. First, we give the following Lemma 1 (Fig. 1), whose proof was provided in [15].
Lemma 1. (C1) There are no 1-vertices.
(C2) A 2-vertex is not incident to a 3-face.
(C3) A 2-vertex is not adjacent to a vertex of degree at most 3.
(C4) A 3-vertex is adjacent to at most one 3-vertex.
(C5) A 4-vertex is adjacent to at most one 2-vertex.
(C6) There is no 3-face incident to two 3-vertices and one 4-vertex.
(C7) A 5-vertex is adjacent to at most three 2-vertices.
(C8) There is no 5-vertex incident to a 3-face, adjacent to three 2-vertices.
(C9) G does not contain G0 as a subgraph.
(C10) G does not contain G1 as a subgraph.
(C11) G does not contain G2 as a subgraph.
(C12) G does not contain G3 as a subgraph.
It is worthy of being mentioned that (C4) was proved independently by Borodin, Kostochka and Woodall in [7] for the
acyclic 4-colorings. However, the proof in [7] also works for the acyclic 4-choosability with almost no changes.
In what follows, let L be a list assignment of Gwith |L(v)| = 4 for all v ∈ V (G).
Lemma 2 below was proved in [2] for acyclic 4-colorings, and in [6] the proof was transferred to acyclic 4-choosability
without substantial changes. Though the proof of the following Lemma 2 is very similar to that of Lemma 1 in [6], we like
to write, for completeness, its details.
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Fig. 1. Some of reducible configurations in Lemma 1.
Lemma 2. If v is a pendant light 3-vertex of v3, i.e., f = [vv1v2] is a 3-face, then d(v3) ≥ 4.
Proof. It suffices to show that d(v3) 6= 3 by (C1) and (C3). Suppose on the contrary that u1, u2 are the other neighbors of
v3 different from v such that v, u1, u2 are in clockwise order. By the minimality of G, G − {v} admits an acyclic L-coloring
pi . Clearly, pi(v1) 6= pi(v2), since v1 is adjacent to v2 in G− {v}. If v1, v2 and v3 get mutually distinct colors, then we color v
with a color different from the colors of its neighbors (i.e., a proper coloring). Otherwise, by the symmetry, we may suppose
pi(v1) = pi(v3). If there exists a color c belonging to L(v) \ {pi(v1), pi(v2), pi(u1), pi(u2)}, then color v with c. Otherwise,
suppose that L(v) = {1, 2, 3, 4}, pi(v1) = pi(v3) = 1, pi(v2) = 2, pi(u1) = 3, and pi(u2) = 4. If L(v3) 6= L(v), then recolor v3
with a color in L(v3) \ L(v) and reduce the argument to the former case. Otherwise, if v cannot be colored acyclically, there
must exist an alternating (1, 3)-path connecting v1 and u1 in G − {v}. Since G is an embedded plane graph, we assert that
there is no alternating (2, 4)-path connecting v2 and u2 in G− {v}. Therefore, we may first recolor v3 with 2 and then color
v with 4 successfully. This contradicts the choice of G. 
Lemma 3. Let v be a 5-vertex and t(v) = 2. Then the following hold:
(A1) If one incident 3-face of v is a (3, 3, 5)-face, then n2(v) = 0.
(A2) If these two incident 3-faces are both (3, 3, 5)-faces, then p3(v) = 0.
Proof. Let v1, v2, . . . , v5 denote all the neighbors of v in a cyclic order. Together with the assumption that G contains no
4-cycles, we may assume, without loss of generality, that f = [vv1v2] and f ′ = [vv4v5] are both incident 3-faces. We will
make use of contradictions to show (A1) and (A2).
(A1) Suppose on the contrary that f = [v1v2v] is a (3, 3, 5)-face and n2(v) ≥ 1. By (C2), we deduce that none of v1, v2, v4, v5
can be a 2-vertex. So, we further suppose v3 is a 2-vertex. For each i ∈ {1, 2}, let wi be the another neighbor of vi not on
b(f ). One can observe that w1 6= w2 by the absence of 4-cycles in G. Moreover, wi 6∈ {v3, v4, v5} for each i ∈ {1, 2}. Let u3
denote the other neighbor of v3 different from v. Obviously, u3 6∈ {w1, w2, v1, v2, v4, v5} since G contains no 4-cycles.
Let H = G − {v, v1, v2, v3}. By the minimality of G, H admits an acyclic L-coloring pi . Noting that pi(v4) 6= pi(v5).
Obviously, there exists a color c ∈ L(v) \ {pi(v4), pi(v5)} which appears once at most on the set {w1, w2, u3}. So we first
color v with c . If pi(u3) = c , we further color v3 with a color different from c, pi(v4), pi(v5), color v1 with a color α in
L(v1) \ {c, pi(w1), pi(w2)}, and finally color v2 by a color distinct to α, c, pi(w2). Otherwise, we may suppose pi(w1) = c .
Nowwe can color v1 with a color β ∈ L(v1)\{c, pi(v4), pi(v5)}, then color v2 with a color in L(v2)\{c, β, pi(w2)}, and finally
we color v3 with a color distinct to c and pi(u3). It is easy to inspect that the resulting coloring is an acyclic L-coloring of G.
This contradicts the choice of G.
(A2) Suppose on the contrary that f = [v1v2v] and f ′ = [v4v5v] are both (3, 3, 5)-faces and p3(v) ≥ 1. By the absence
of 4-cycles, we may further assume v3 is a a pendant light 3-vertex of v such that f ∗ = [v3x3y3] is a 3-face. By definition,
d(v1) = d(v2) = d(v4) = d(v5) = 3. For each i ∈ {1, 2, 4, 5}, let wi denote the another neighbor of vi not on its incident
3-face. It follows directly from the absence of 4-cycles that wi 6∈ {v1, v2, . . . , v5} for each i ∈ {1, 2, 4, 5}, and wi 6= wj
for each pair {i, j} ⊂ {1, 2, 4, 5}. Moreover, x3 6∈ {v1, v2, v4, v5, w1, w2, w4, w5} basing on the assumption that there is no
4-cycles in G. Similarly, we have that y3 6∈ {v1, v2, v4, v5, w1, w2, w4, w5}.
By the minimality of G, G − {v, v1, v2, v3, v4, v5} has an acyclic L-coloring pi . Notice that pi(x3) 6= pi(y3). Denote
W = {w1, w2, w4, w5}. If there exists a color c ∈ L(v) \ {pi(x3), pi(y3)} which appears at most once on the set W ,
w.l.o.g., pi(w1) = c , then we color v with c , v1 with a color different from c and pi(w2), v4 with a color belonging to
L(v4) \ {c, pi(w4), pi(w5)}, and finally color v2, v3, v5 successively by being given a proper color different from all its
neighbors.
In what follows, we may suppose L(v) = {1, 2, 3, 4}, pi(x3) = 1 and pi(y3) = 2. By symmetry, we have to consider the
following two subcases.
(i) pi(w1) = pi(w4) = 3 and pi(w2) = pi(w5) = 4.
We color vwith 3, v1with a colorα ∈ L(v1)\{3, 4}, v4with a color in L(v4)\{3, α}, and finally color v2, v3, v5, successively,
by being given a proper color different from all its neighbors.
(ii) pi(w1) = pi(w2) = 3 and pi(w4) = pi(w5) = 4.
We may color v with 3, v1 with β ∈ L(v1) \ {3}, and then v2 with a color γ ∈ L(v2) \ {3, β}. Finally, each of v3, v4 and v5
can be easily given a proper color which is distinct to all its neighbors. 
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Fig. 2. Some of discharging rules (R0) to (R2).
4. Proof of Theorem 1
We define a weight functionω on the vertices and faces of G by lettingω(v) = 2d(v)−6 if v ∈ V (G) andω(f ) = d(f )−6
if f ∈ F(G). It follows from Euler’s formula |V (G)| − |E(G)| + |F(G)| = 2 and the relation∑v∈V (G) d(v) = ∑f∈F(G) d(f ) =
2|E(G)| that the total sum of weights of the vertices and faces is equal to∑
v∈V (G)
(2d(v)− 6)+
∑
f∈F(G)
(d(f )− 6) = −12. (1)
We shall design appropriate discharging rules and redistribute weights accordingly. Once the discharging is finished, a
newweight functionω∗ is produced. The total sum of weights is kept fixedwhen the discharging is in process. Nevertheless,
after the discharging is complete, the new weight function satisfies ω∗(x) ≥ 0 for all x ∈ V (G) ∪ F(G). This leads to the
following obvious contradiction,
−12 =
∑
x∈V (G)∪F(G)
ω(x) =
∑
x∈V (G)∪F(G)
ω∗(x) ≥ 0
and hence demonstrates that no such counterexample exists.
For x, y ∈ V (G) ∪ F(G), let τ(x→ y) denote the amount of weights transferred from x to y.
Suppose that f = [v1v2v3v4 · · ·] is an 8+-face such that d(v1) ≥ 4, d(v2) = 3, d(v3) = 4, and d(v4) ≥ 3. Let fi denote the
face adjacent to f by a common edge vivi+1 for each i ∈ {2, 3}. If d(f2) = d(f3) = 3, then we say that f2 is a sink of f and f is
a source of f2. We write t∗(f ) for the total number of sinks of f . One can easily check that each sink is adjacent to its 8+-face
source by a common (3, 4)-edge.
Our discharging rules are defined as follows (Fig. 2):
(R0) Every 3-vertex sends 0.5 to each of its incident 3-face.
(R1) Every 4+-vertex sends 1 to its adjacent 2-vertex and 0.5 to each of its pendant light 3-vertex.
(R2) Denote v as a 4-vertex. Let f1, f2, f3, and f4 be the faces of G incident to v in a cyclic order such that d(f1) = 3.
(R2a) If d(f3) = 3, then τ(v→ f1) = 1 and τ(v→ f3) = 1.
(R2b) Assume d(f3) 6= 3. Then
(R2b1) τ(v→ f1) = 1.5 if f1 is a (3, 4, 4)-face;
(R2b2) τ(v→ f1) = 1, otherwise.
(R3) Every 5+-vertex sends 2 to each incident (3, 3, 5+)-face and 1.5 to each other incident 3-face.
(R4) Every 8+-face sends 0.5 to each of its sinks.
Since G has neither 4-cycles and 5-cycles nor 8-cycles having a triangular chord, the following facts (F1)–(F3) hold.
(F1) There is neither 4-face nor 5-face in G.
(F2) G contains no i-face adjacent to a 3-face, where i ∈ {3, 4, 5, 7}.
(F3) There is no 6-face adjacent to two 3-faces by two consecutive common edges.
Let us check that ω∗(x) ≥ 0 for all x ∈ V (G) ∪ F(G).
Case 1: d(f ) = 3.
Then ω(f ) = −3. Let f = [v1v2v3] such that d(v1) ≤ d(v2) ≤ d(v3). Since G has no 4-cycles, f is not adjacent to any
3-face. By (C2), we derive that d(v1) ≥ 3. Let fi denote the adjacent face of f by a common edge vivi+1, where i is taken
modulo 3. According to (F2), we see that d(fi) = 6 or d(fi) ≥ 8 for 1 ≤ i ≤ 3. By (C4) and (C6), f is either a (3, 3, 5+)-face,
or a (3, 4+, 4+)-face, or a (4+, 4+, 4+)-face.
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If f is a (3, 3, 5+)-face, then ω∗(f ) ≥ −3+ 0.5× 2+ 2 = 0 by (R0) and (R3). If f is a (3, 4+, 5+)-face, i.e., d(v2) ≥ 4 and
d(v3) ≥ 5, then τ(v2 → f ) ≥ 1, τ(v3 → f ) ≥ 1.5 by (R2) and (R3). Hence ω∗(f ) ≥ −3+ 1.5+ 1+ 0.5 = 0 by (R0). If f is
a (4+, 4+, 4+)-face, then by (R2) and (R3), each of v1, v2, v3 sends at least 1 to f . Thus, ω∗(f ) ≥ −3+ 1× 3 = 0.
Now suppose that f is a (3, 4, 4)-face. Namely d(v1) = 3 and d(v2) = d(v3) = 4. Let y1, y2 (resp. z1, z2) denote v2’s (resp.
v3’s) other two neighbors not on f . Denote f ′, f ′′ be respectively, the opposite face to f by v2 and v3. If at least one of f ′ and
f ′′ is a 5+-face, say f ′, then f ′ sends 1.5 to f by (R2b1) and thus ω∗(f ) ≥ −3 + 1.5 + 1 + 0.5 = 0 by (R0) and (R2). Now,
assume that d(f ′) = d(f ′′) = 3. By (R2a), τ(v2 → f ) = τ(v3 → f ) = 1. Let x1 be the another neighbor of v1 different from
v2 and v3. By Lemma 2, x1 is a 4+-vertex. Moreover, fi cannot be a 6-face by (F3) for each i = 1, 3. So by definition, f is a sink
of both f1 and f3. Therefore ω∗(f ) ≥ −3+ 1× 2+ 0.5+ 0.5+ 0.5 = 0.5 by (R0) and (R4).
Case 2: 6 ≤ d(f ) ≤ 7.
Clearly, ω∗(f ) = ω(f ) ≥ 0 by (R0) to (R4).
Case 3: d(f ) ≥ 8.
We only need to consider the number of sinks of f . Recall again that t∗(f ) is the number of sinks of f . By the absence of
4-cycles, we observe the following assertion:
Observation 1. t∗(f ) ≤ b d(f )2 c.
Applying (R4), ω∗(f ) ≥ d(f )− 6− 12 t∗(f ) ≥ d(f )− 6− 12 × d(f )2 = 34d(f )− 6 ≥ 34 × 8− 6 = 0.
Let v ∈ V (G). Let v1, v2, . . . , vd(v) denote the neighbors of v in a cyclic order. Let fi denote the incident face of v with
vvi and vvi+1 as two boundary edges for i = 1, 2, . . . , d(v), where indices are taken modulo d(v). We see that d(v) ≥ 2 by
(C1). In the following, we will show that ω∗(v) ≥ 0 for each v ∈ V (G). The proof is divided into some cases according to the
value of d(v).
Case 4: d(v) = 2.
Then ω(v) = −2, d(v1), d(v2) ≥ 4 by (C3). By (R1), τ(vi → v) = 1 for i = 1, 2. Hence, ω∗(v) ≥ −2+ 1× 2 = 0.
Case 5: d(v) = 3.
Then ω(v) = 0. By the absence of 4-cycles, we see that t(v) ≤ 1 and thus ω∗(v) ≥ 0− 0.5+ 0.5 = 0 by (R0), (R1) and
Lemma 2.
Case 6: d(v) = 4.
We have that ω(v) = 2, t(v) ≤ 2 and n2(v) ≤ 1 by (C5). We have to consider the following three subcases in light of the
size of t(v).
(6.1) Assume t(v) = 2. Clearly, n2(v) = p3(v) = 0 by (C2) and the absence of 4-cycles. So we obtain that ω∗(v) ≥
2− 1× 2 = 0 by (R2a).
(6.2) Assume t(v) = 1. Let f1 = [vv1v2] be a 3-face. Then p3(v) ≤ 2. If n2(v) = 1, then p3(v) = 0 by (C9) and f1 is a
(4, 4+, 4+)-face by (C10). Therefore, ω∗(v) ≥ 2 − 1 − 1 = 0 by (R1) and (R2b2). Now we can suppose n2(v) = 0. If f1 is a
(3, 4, 4)-face, then p3(v) ≤ 1 by (C11). Thus, ω∗(v) ≥ 2− 0.5− 1.5 = 0 by (R1) and (R2b1). Otherwise, by (R2b2), v sends
at most 1 to f1. Therefore, ω∗(v) ≥ 2− 1− 2× 0.5 = 0 by (R1).
(6.3) Assume t(v) = 0. If n2(v) = 0, then ω∗(v) ≥ 2 − 4 × 0.5 = 0 by (R1). Otherwise, we suppose n2(v) = 1, which
implies that p3(v) = 0 by (C9). Thus, it follows that ω∗(v) ≥ 2− 1 = 1 by (R1).
Case 7: d(v) = 5.
Then ω(v) = 4. According to (C7), n2(v) ≤ 3. Moreover, t(v) ≤ 2 by the absence of 4-cycles. We only need to deal with
the following possibilities, depending on the size of t(v).
(7.1) Assume t(v) = 2.Without loss of generality, let f1 = [vv1v2] and f3 = [vv3v4] be such two 3-faces. This implies that
vi is neither a 2-vertex by (C2) nor a pendant light 3-vertex of v for each i ∈ {1, 2, 3, 4}. Thus, n2(v)+ p3(v) ≤ 1. If neither
f1 nor f3 is a (3, 3, 5)-face, then τ(v→ f1) ≤ 1.5, τ(v→ f3) ≤ 1.5 by (R3) and thus ω∗(v) ≥ 4− 1.5× 2− 1 = 0 by (R1).
Now assume, without loss of generality, that f1 is a (3, 3, 5)-face. If f3 is also a (3, 3, 5)-face then n2(v) = 0 and p3(v) = 0 by
(A1) and (A2). Soω∗(v) ≥ 4−2×2 = 0 by (R3). Otherwise, n2(v) = 0 by (A1) and thereforeω∗(v) ≥ 4−2−1.5−0.5 = 0
by (R1) and (R3).
(7.2) Assume t(v) = 1.W.l.o.g, let d(f1) = 3. Notice that n2(v) ≤ 2 by (C8). First, we assume n2(v) = 2. If f1 is a (3, 3, 5)-
face, then p3(v) = 0 by (C12) and thusω∗(v) ≥ 4−2−1×2 = 0 by (R1) and (R3). Or else,ω∗(v) ≥ 4−1.5−1×2−0.5 = 0
by (R1) and (R3). Now we assume n2(v) ≤ 1. We immediately obtain that ω∗(v) ≥ 4 − 2 − 1 − 0.5 × 2 = 0 by (R1) and
(R3).
(7.3) Assume t(v) = 0. By applying (R1), we have that ω∗(v) ≥ 4− 3× 1− 0.5× 2 = 0.
Case 8: d(v) ≥ 6.
Using (R0) to (R3), ω∗(v) ≥ 2d(v) − 6 − 2t(v) − n2(v) − 0.5p3(v) ≥ 2d(v) − 6 − 2t(v) − (n2(v) + p3(v)) ≥
2d(v)− 6− 2t(v)− (d(v)− 2t(v)) = d(v)− 6 ≥ 0. 
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